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A B S T R A C T   

The Tikhonov regularization parameter is a key parameter controlling the smoothness degree and oscillations of 
a regularized unknown solution. Usual methods to determine a proper parameter (L-curve or the discrepancy 
principle, for example) are not readily applicable to the evaluation of regularized derivatives, since this 
formulation does not make explicit a set of model parameters that are necessary to implement these methods. We 
develop a procedure for the determination of the regularization parameter based on the graphical construction of 
a characteristic “staircase” function associated with the L2-norm of the regularized derivatives for a set of trial 
regularization parameters. This function is independent of model parameters and presents a smooth and 
monotonic variation. The regularization parameters at the upper step (low values) of the ’’staircase’’ function 
provide equivalent results to the non-regularized derivative, the parameters at the lower step (high values) 
leading to over-smoothed derivatives. For the evaluated data sets, the proper regularization parameter is located 
in the slope connecting these two flat end-members of the staircase curve, thus balancing noise amplification 
against the amplitude loss in the transformed fields. A set of Python programs are presented to evaluate the 
regularization procedure in a well-known synthetic model composed of multiple (bulk and elongated) magnetic 
sources. This numerical approach also is applied in gridded aeromagnetic data covering high-grade metamorphic 
terrains of the Anápolis-Itauçu Complex in the Brasília Fold Belt central portion of Tocantins Province, central 
Brazil, characterized by multiple magnetic lineaments with different directions and intersections which are 
associated with shear zones, geologic faults, and intrusive bodies. The results obtained from the regularization 
procedure show efficiency in improving the maps of filtered fields, better tracking the continuity of magnetic 
lineaments and general geological trends. The results from the application in the Brasília Fold Belt enhance the 
importance and broader coverage of the Pirineus Zone of High Strain.   

1. Introduction 

The evaluation of first or higher-order derivatives for potential field 
data occupies a key processing stage in most modern crustal studies and 
mineral exploration projects using airborne magnetic data. Derivatives 
are used to enhance subtle anomaly variations from deeper or low- 
contrasting sources and are the base for automatic approaches using 
gradient fields. Two examples of these methods are the 3D analytical 
signal amplitude (ASA) (Roest et al., 1992) and its associated tilt de-
rivative (TDR) (Miller and Singh, 1994). The ASA maxima tend to be 
located on the top of thin magnetic bodies or in the contact of con-
trasting magnetic structures. ASA and TDR are effective as edge 

detectors, a variety of tilt angles methods with first or higher-order 
derivatives better discriminating contributions from shallow and deep 
sources. Some examples of these angle-based edge detectors are known 
as total horizontal gradient of TDR (Verduzco et al., 2004), theta map 
method (Wijns et al., 2005), normalized horizontal tilt angle (Cooper 
and Cowan, 2006), horizontal gradient tilt angle (Ferreira et al., 2013), 
tilt angle of the first-order vertical derivative of the total horizontal 
gradient (Zhang et al., 2014), tilt angle of the ratio between the 
first-order horizontal gradient and the second-order horizontal gradient 
of the anomaly (Ma et al., 2014), tilt angle of the ASA (Cooper, 2014), 
ratio of the vertical derivative to the total horizontal derivative of the 
ASA (Pham et al., 2019). 
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When processing large aeromagnetic databases, the calculation of 
horizontal and vertical derivatives of potential fields is usually per-
formed in the Fourier domain (Blakely, 1996, p. 324). This kind of 
operation tends to amplify the noisy high-frequency spectral content in 
the observed data. To overcome this noise-enhancing problem, Pašteka 
and Richter (2002) and Richter and Pašteka (2003) developed the 
concept of regularized derivatives in the Fourier domain based on 
Tikhonov’s regularization theory (Tikhonov and Glasko, 1965). The 
mathematical development of this approach was summarized by Pašteka 
et al. (2009), the regularized derivative is implemented as a low-pass 
filter, derived from minimizing the L2-norm of the wished derivative, 
while balancing its smoothness degree with oscillations from noise 
amplification. The smoothness degree is linked to the choice of the 
regularization parameter, which as suggested by Pašteka et al. (2009), 

can be determined by tracking the variation of the anomaly-derivative 
amplitude for increasing trial regularization parameters, a possible 
“optimum” parameter set as the amplitude variation is minor, or below a 
threshold level. For a complex real data set, this criterion may generate 
multiple points of minima, preventing a clear choice for a specific reg-
ularization parameter. Common procedures based on the L-curve 
(Hansen, 1994, 1998) or the discrepancy principle (Morozov, 1966; 
Aster et al., 2013), for example, are not readily applicable to the regu-
larized derivatives in the Fourier domain since this formulation does not 
make explicit a set of model parameters, which are necessary to 
implement these methods. 

In processing gridded magnetic data, a good choice for the regula-
rization parameter should provide processing products with minor dis-
tortions from noise amplification from unlevelled flight lines or spurious 
“eye-bull” features along lineaments with gentle amplitude variation. 
We present a new procedure for the determination of the regularization 
parameter based on the construction of a characteristic “staircase” 
function, relating to the L2-norm of the anomaly-derivative for a set of 
trial regularization parameters. The regularization parameters in the 
upper step (low trial regularization values) of this smooth and mono-
tonic function give equivalent results to the non-regularized derivative, 
meanwhile over-smoothing the derivatives for regularization parame-
ters at the lower step (high trial values). Regularization parameters 
better balancing noise amplification with respect to amplitude loss are 
set at the slope connecting these two flat end-members, most values 
within this narrow interval providing equivalent results. The importance 
of well-tuned regularization to improve the quality of ASA and TDR 
maps is illustrated with a synthetic data set from Uieda et al. (2014), 
evaluated from adjacent bulk and linear magnetic sources. The effi-
ciency of regularized derivatives is evaluated with aeromagnetic data 
showing a complex anomaly pattern with different directions and in-
tersections, associated with shear zones, geologic faults, and intrusive 
bodies in the Proterozoic terrain of the Anápolis-Itauçu Complex (Della 
Giustina et al., 2011), situated in the Brasília Fold Belt central portion of 
Tocantins Province (Almeida et al., 1977, 1981), Brazil. 

2. Methodology 

This section initially describes common ASA and TDR transformed 
fields that employ first-order derivatives to enhance gridded magnetic 
data, to then introduce a simple criterion to determine a suitable regu-
larization parameter better balancing noise amplification with 
smoothness constraint when evaluating regularized derivatives for a 
magnetic anomaly. Introduced by Nabighian (1984), the concept of the 
analytical signal amplitude for gridded data was formulated by Roest 
et al. (1992) as 

|A(x, y)| =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
φ2

x + φ2
y + φ2

z

√
, (1)  

where φx ≡ φx(x, y), φy ≡ φy(x, y), and φz ≡ φz(x, y) are the x, y, and z 
(vertical) first derivatives, respectively, of the magnetic field φ(x, y)
measured at positions (x, y) onto a plane at a constant flight height z =

h. The importance in evaluating ASA for elongated anomalies is its 
symmetric bell-shaped signature (Macleod et al., 1993) over dike-like 
structures and geological contacts regardless the magnetization direc-
tion of the respective bodies, which simplifies the production of reliable 
geological maps. For three-dimensional bodies, ASA is sensitive to 
magnetization direction (Li, 2006) but still centered over the causative 
sources. The tilt derivative (TDR) represents the local phase of the 
analytical signal and is defined (Miller and Singh, 1994) as the ratio 
between the vertical and horizontal derivatives 

θ= tan− 1
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Fig. 1. Power spectrum of regularized y-derivative as a function of wave-
number for different regularization parameters. The α = 0 condition represents 
the true filter derivative (black line), a situation in which no regularization 
is applied. 

Fig. 2. Generic form of the S-function for variable trial regularization param-
eters α1 < α2 <... < α9, the ending term α1 represents a non-regularized de-
rivative with oscillations, the α9 over-smooths the derivatives with enhanced 
amplitude loss. Middle slope parameters, α4 to α6, better featuring smooth 
derivatives. 
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for values in the interval of ± 90◦. The TDR mapping is effective in 
normalizing the contributions from deep and shallow sources (Verduzco 
et al., 2004), thus equalizing the contributions from sources seated at 
different depth levels. The TDR usually shows null values at or near the 
edge of a vertical source with negative values at the flanks of the source 
region (Miller and Singh, 1994). 

2.1. Regularized derivatives 

The directional derivatives, φμ, for a magnetic field φ(x, y), along a 
generic direction μ (often made as x, y, or z) can be obtained (Blakely, 
1996, p. 324) in the Fourier domain, F {φμ}, by a simple filtering 
operation generically written as 

F
{

φμ
}
=Dμ F {φ}, (3)  

for Dμ as ikx, iky, and |k| =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2
x + k2

y

√

respectively for μ assigning direc-
tional derivatives along the x-, y-, and z-axes considering i the imaginary 
number, applied to the Fourier transformed anomaly, F {φ}, regarding 
wavenumbers kx and ky along x- and y-directions. Once obtained in the 
Fourier domain, the derivative φμ is evaluated in the space domain by 
applying the inverse Fourier transform in the transformed field F {φμ}. 
In accordance with previous work on regularized derivatives (Pašteka 
et al., 2009; Gang and Lin, 2018), a general expression for the regular-
ized filter, Dμ,α, for a given regularization parameter, α, can be written as 

Dμ,α =
Dμ

1 + αB2
μ
, (4)  

with Bμ made as kx, ky, or |k| respectively for μ assigning x-, y-, or z-de-

rivative. The regularized μ-derivative in the Fourier domain, F {φμ,α}, is 
evaluated as 

F
{

φμ,α
}
=Dμ,α F {φ}, (5)  

making clear its dependence on a particular choice for the regularization 
parameter α. In the space domain, the regularized μ-derivative, φμ,α, is 
evaluated by applying the inverse Fourier transform to F {φμ,α}. The 
regularized ASA and TDR are then obtained by using the regularized 
derivatives φx,α, φy,α, and φz,α, in equations (1) and (2), respectively, 
instead of non-regularized derivatives φx, φy, and φz.

Fig. 1 illustrates how much the power spectrum of the regularized 
filter Dμ,α departs from the respective non-regularized filter, regardless 
of the filter expression for derivatives along directions x, y or z. As α 
increases, the regularized filter gradually departs at higher wave-
numbers to attenuate the higher wavenumber content of the trans-
formed anomaly, meanwhile preserving its lower wavenumber content. 

2.2. Regularization parameter criterion 

The Tikhonov regularization parameter is a key parameter condi-
tioning the smoothness degree of the unknown solution, weighting the 
additional constraints to guarantee that the obtained regularized solu-
tion is a well-suited approximation to the sought solution (Hansen, 
1994). To determine a well-suited value for this parameter, we calculate 
the L2-norm of first-order regularized derivatives, φμ,α, for trial α values 
in the range [αl, αu]. For a gridded data window with Nx and Ny data 
points along x and y-axes, the L2-norm , ‖ • ‖2, for the regularized de-
rivative is evaluated as 

Fig. 3. S-function and associated first-order x-de-
rivatives for different regularization parameters α: a) 
to e): true horizontal derivative (black line) and 
regularized horizontal derivative (red line) for a 
theoretical model without and with noise, respec-
tively, and f) S-function with S = 0.5 reference 
(dashed line). The test values of the regularization 
parameter range from 10− 6 to 1014 as a geometric 
progression with a ratio of 100.5. The optimal value of 
the regularization parameter is equal to αx = 104.75, 
located on the half slope of the S-function. (For 
interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of 
this article.)   
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where φij
μ,α is the regularized μ-derivative at the i, j-entry of the grid. The 

range [αl, αu] must encompass several orders of magnitude, preferably 
with regular distribution in the logarithmic scale. The lower bound of 
the interval can be set to zero or to a very small number (10− 6, for 
example) to prevent numerical instabilities. In most cases, such a small 
number produces an equivalent result to the non-regularized condition 
with α = 0. Due to unbounded noise amplification, the L2-norm 

⃦
⃦φμ,0

⃦
⃦

2 
(in this case assuming αl = 0) achieves its maximum value, mono-
tonically decreasing as the trial α-values increase. As observed with 
synthetic and real data applications, the L2-norm variation assumes a 
well-defined staircase shape, with marked flat stages at the ends (low 
and high α-values) of the interval on which the curve is defined. After 
normalization 

Sμ(α) =
⃦
⃦φμ,α

⃦
⃦

2⃦
⃦φμ,0

⃦
⃦

2

, (7) 

This variation ranges from 1 to 0 (left to right) regardless of the 
choice for the directional derivative μ. Due to its general staircase shape, 
the function Sμ(α) in equation (7) was termed as staircase function (S- 
function). An important feature of the S-function is its steep variation 
between the values at the end of the interval, which allows a simple way 
to locate the regularization parameter that preserves the signal ampli-
tude, meanwhile preventing spurious oscillations for the evaluated field 
derivatives. In some cases, the S-function slope can be steeper, 
approaching the behaviour observed in the smoothed Heaviside func-
tion, where two steps are connected by a linear ramp changing sharply. 
When applied to a particular directional derivative, a set of S-functions 
Sx(α), Sy(α), and Sz(α) can be constructed, with the associated regula-
rization parameters αx, αy, and αz. As shown with synthetics and real 
data results, the regularization parameters at the S-function slope usu-
ally appear at a narrow interval within which similar x, y, and z smooth 
derivatives are obtained. The general behavior of a S-function is 

Fig. 4. Synthetic data and processed ASA and TDR 
maps: a) noise-corrupted total-field anomaly; analyt-
ical signal amplitude b) without and c) with regula-
rization; tilt derivative d) without and e) with 
regularization for a model with three magnetic sour-
ces: batholith (A), sill (B), and dike (C). Magnetic 
anomaly considering a local main field with inclina-
tion and declination of − 15◦ and 30◦, respectively. 
Pseudo-random Gaussian noise with a mean of zero 
and a standard deviation of 5 nT is added to the 
calculated magnetic field. Sampling interval of 200 
m.   
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illustrated in Fig. 2. 
Fig. 3 illustrates how the amplitude filtered x-derivatives change for 

a set of trial regularization parameters according to their position in the 
S-function. The synthetic anomaly was evaluated from a tabular (two- 
dimensional) model composed of one prism at a top depth of 800 m, 
thickness of 1000 m, and induced magnetization of 3 A/m. The incli-
nation and declination of the local main magnetic field are 90◦ and 0◦, 
respectively. The magnetic anomaly was calculated at a flight height of 
100 m then corrupted with zero-mean, 5 nT pseudorandom Gaussian 
noise. We evaluate the x-derivatives of the magnetic anomaly without 
and with noise in Fig. 3. The well-behaved shape of the S-function is 
shown in Fig. 3f, its two ends of the interval are connected by a steep 
slope. The non-regularized derivative (α = 0) in Fig. 3a gives the most 
oscillating derivative, gradually getting smoother derivatives for α =

103 and α = 104 (Figs. 3b and c) which corresponds to a variation from 1 
to near 0.4 in the S-function. In each case, the difference between 
filtered and model-evaluated derivatives can be compared, this differ-
ence increasing as the regularization parameter is set at higher values. 
As α reaches 105.5 (Fig. 3e), the curve of the regularized derivative loses 
about half of its amplitude, a typical condition of an over-regularized 
case. The choice αx = 104.75 (Fig. 3d) corresponding to the L2-norm 
equal to 0.5 gives in this example the best result, either preserving the 
amplitude of the filtered derivative as well as cleaning oscillations from 
noise amplification (Fig. 3f). Note that even in this case the regularized 
derivative does not perfectly reproduce the true derivative (evaluated 
directly from the model) since a loss in amplitude still is presented 
(Fig. 3d). 

In processing a gridded data set to obtain regularized ASA and TDR 
maps, the S-function must be constructed for each of the x, y, and z 
directional derivatives thus obtaining Sx, Sy, and Sz curves. The condi-
tion Sx,y,z = 0.5 is established to define corresponding αx, αy, and αz 

regularization parameters. To obtain a single regularization parameter, 
αg, representing the mean value of αx, αy, and αz in the log-scale, we can 
use 

αg = 10(α̃x+α̃y+α̃z)/3, (8)  

where ̃αμ ≡ log10αμ assuming μ equivalent to x-, y-, or z-derivatives. The 
αg can be used to evaluate the derivatives related to ASA and TDR 
computation, in this case using a single regularization parameter for all 

derivatives. The steep slope of the S-curves in all cases makes this mean 
parameter close to the previous ones, thus providing equivalent results 
as obtained with αx, αy, and αz. The half-slope condition Sx,y,z(αx,y,z) =

0.5 has proved useful in most synthetics and real data applications with 
ASA and TDR evaluations. Depending on the noise level in the data, a 
lower (Sx,y,z >0.5) or higher (Sx,y,z <0.5) regularization degree can be 
applied in order to obtain ASA and TDR maps that best enhance the 
continuity of magnetic lineaments and general trends. 

3. Computational implementation 

The evaluation of the regularization procedure to synthetic and real 
data was implemented in Python using the routines “synthetic_data.py” 
and “real_data.py”, respectively. The auxiliary program “filtering.py” 
evaluates the directional non-regularized derivatives in the Fourier 
domain (equation (3)) by function “nonregularized_derivative”. This 
function uses a similar structure to the functions of the “Fatiando a 
Terra” version 0.5 package (fatiando.org) that computes the non- 
regularized derivatives by the central finite-differences method or by 
the Fast Fourier Transform. The function “regularized_derivative” im-
plements the regularized derivatives in the Fourier domain as shown in 
equation (5). To construct the S-function, the normalized L2-norm of the 
derivatives (equation (7)) for a set of trial regularization parameters is 
evaluated in the function “s_function” in the program “filtering.py”. As 
the S-function is evaluated for regularization parameter discrete values, 
we use Python’s sklearn module to fit a linear approximation of the S- 
function slope portion to determine the well-suited regularization pa-
rameters. The conventional (non-regularized) and regularized ASA 
(equation (1)) and TDR (equation (2)) are evaluated by function 
“asa_tdr” after the calculation of the directional derivatives. The outputs 
of the non-regularized and regularized ASA and TDR in the script 
“real_data.py” can be exported in a file with xyz-extension to the soft-
ware Oasis Montaj (tested with v. 8.4) to reproduce the maps in different 
color scales. The Python program also generates corresponding figures, 
but their color scale does not clearly illustrate subtle magnetic linea-
ments or general trends. In the Oasis Montaj, the magnetic anomaly, 
ASA, and TDR were interpolated by the minimum curvature method 
with a cell size of 125 m to generate the grids, and next integrated to 
geological databases with QGIS v. 3.12.1. 

4. Numerical simulation 

The synthetic data set to evaluate the regularization procedure pre-
sented in this section is illustrated with synthetics made available by 
Uieda et al. (2014) at http://github.com/pinga-lab/paper-tle-euler-tut 
orial, and included in the folder with programs. The magnetic model 
that generated this synthetic gridded data set is composed of three 
prismatic bodies with induced magnetization: a bulk-prism simulating a 
batholith with a magnetization of 2 A/m at a top depth of 500 m; a 
plate-like prism simulating a sill with a magnetization of 10 A/m with 
the top at the depth of 1000 m and an elongated prism simulating a dike 
located at the ground surface (depth at z = 0), 300 m mean-wide, and 
magnetization of 10 A/m (Fig. 4). The inclination and declination of the 
local main magnetic field are − 15◦ and 30◦, respectively. The magnetic 
field calculated at a flight height of 300 m contains 5 nT of pseudo-
random Gaussian noise. 

Fig. 4 shows output ASA and TDR maps from conventional and 
regularized procedures as applied to noisy synthetic data with sampling 
interval of 200 m (Fig. 4a). Both maps of ASA (Fig. 4b) and TDR (Fig. 4d) 
without regularization show artifacts associated with noise amplifica-
tion that prevents a clear positioning of the ASA peaks at the edges of the 
sources (Fig. 4b). The regularized ASA and TDR maps were evaluated 
with regularized x-, y-, and z-derivatives with αg = 105.4, computed by 
equation (8), considering αx, αy, and αz respectively equal to 105, 106 

and 105.1 (Fig. 5). As shown in Fig. 5, these regularization parameters 

Fig. 5. S-function to μ-derivatives of the magnetic anomaly, where μ = (x,y,z). 
The test values of the regularization parameter range from 10− 6 to 1014 as a 
geometric progression with a ratio of 100.5. For each derivative, the optimal 
value of the regularization parameter is equal to αx = 105, αy = 106 and αz =

105.1, located on the half slope of the S-function. 
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are close to the S-function value equal to 0.5, thus enforcing an appro-
priate smoothness degree to provide ASA (Fig. 4c) and TDR (Fig. 4e) 
maps with lower distortions from noise amplification. As in Fig. 4c, the 
peaks of the regularized ASA are better positioned over the edges of the 
bulky bodies and the center of the elongated prism as well, better out-
lining the distribution of the prismatic magnetic sources. The regular-
ized TDR in Fig. 4e enhances the signal changes at the edges, better 
defining the negative portion of the elongated anomaly than conven-
tional TDR (Fig. 4d). In Fig. 4e, the extension where TDR shows positive 
variations increased, extrapolating toward the ends of the grid due to 
border effects. The S = 0.5 criterion adopted in this test qualitatively 
guarantees that most of the spurious features at the output maps were 
removed. In replicating this test for S = 0.75 for example, a still noisy 
result close to the conventional output is observed, suggesting a milder 
regularization degree under such a condition. An important contribution 
of the proposed approach is producing graphical support showing that 
close regularization parameters can be set for all directional derivatives, 
their respective S-curves informing how much amplitude loss was 
required to obtain reliable ASA and TDR maps keeping the continuity of 
lineaments and outlining the boundaries of bulky bodies. 

5. Real data application 

The proposed procedure is applied to aeromagnetic data covering the 
Anápolis-Itauçu Complex north limit, situated in the Brasília Fold Belt 
central portion, in the Neoproterozoic Tocantins Province (Fig. 6a). 
Anápolis-Itauçu Complex, an exposed metamorphic core of the Brasília 
Belt, is composed of high-grade metamorphic rocks (orthogneisses, 
amphibolites, metasediments, among others) and ultrahigh temperature 
granulite that has been dated with zircon ages varying between 760 and 
650 Ma (Della Giustina et al., 2011). East of the study area, the Pirineus 
Zone of High Strain (D’el-Rey Silva et al., 2011) or Pirineus Syntax 
(Araújo Filho, 2000) may have deformed the study area terrains. Pir-
ineus Syntax is a dextral transcurrent shear megazone with about 300 
km long (D’el-Rey Silva et al., 2011), composed of a set of E-W and 
WNW-ESE structural lineaments, marking the geotectonic structural 
limit between the north and south segments of the Brasília Belt (Araújo 
Filho, 2000). This shear zone presents syntax curvature facing east, 
associated with terrain accretion to the Craton São Francisco western 
margin (Filgueiras, 2015). According to Araújo Filho and Kuyumjian 
(1996) and Araújo Filho (2000), the PS’s origin is interpreted as a 
polyphasic collision comprising deformations WSW to ENE, NNW to SSE 
and WSW to ENE. Several extensive NW and NE-oriented strip-slip faults 

Fig. 6. a) Study area (black polygon) at the Brasília Fold Belt central portion in the Tocantins Province (TP). b) Schematic geological map for the study area based on 
the shape file from the Brazil Geological Survey, available at "http://www.sieg.go.gov.br/siegdownloads/". c) Magnetic anomaly map. Cratons: São Francisco (SF), 
Paranapanema (PP), São Luis (SL), Rio de La Plata (RLP), Amazônico (AM), Luiz Alves (LA), and Parnaíba (PB). 
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possibly generated in the late phase of the Brasiliano Cycle (Araújo 
Filho, 2000; Martins-Ferreira and Rodrigues, 2021), and syn- and 
post-collisional granitic bodies intrude along this high ductile defor-
mation zone (Pimentel et al., 2003; Sandoval, 2016; Silva, 2018; Mar-
tins-Ferreira and Rodrigues, 2021). The PS is located between the 
layered mafic-ultramafic intrusions of the Barro Alto Complex and the 
high-grade metamorphic rocks from the Anápolis-Itauçu Complex, sur-
rounded by low-grade metasedimentary successions from the Araxá and 
Serra da Mesa/Serra Dourada groups (Pimentel et al., 1999; 2000, 2011) 
(Fig. 6b). Granulitic mafic-ultramafic intrusions and deformed 
syn-tectonic granitic intrusions aged between 660 and 650 Ma (Piuzana 
et al., 2003) emplaced into deep-crustal levels occur in the 
Anápolis-Itauçu Complex and in the Araxá and Serra da Mesa/Serra 
Dourada groups, forming NW-SE elongated bodies with varied di-
mensions (Pimentel et al., 1999; 2000; Della Giustina et al., 2011). The 
geological units of the study area (Fig. 6b) are tectonically limited by 
thrust faults, low- and high-angle shear zones, and normal and reverse 
faults, associated with deformational processes and terrain accretions in 
the Brasília Belt in the final stage of the Brasiliano orogeny (Almeida 
et al., 1981; Fonseca et al., 1995; Pimentel et al., 1999; 2011; Piuzana 
et al., 2003; Valeriano et al., 2008; Uhlein et al., 2012; Pimentel, 2016). 

The aeromagnetic data covering this region was acquired by the 
Brazil Geological Survey– CPRM in 2005, along North-South flight lines 
500 m apart, tie lines at a pace of 5000 m, at the uniform barometric 
height of 100 m above the ground surface ( Prospecções, 2006). The 
local geomagnetic field for the date of the survey has mean intensity of 
23,856 nT, inclination of − 20.84◦, and declination of − 19.21◦. The 

acquired data was micro-levelled (Minty, 1991) by Lasa Engenharia e 
Prospecções S/A, and the entire database with code 3013 can be 
requested for academic purposes from the State of Goiás Division for 
Geology and Mining Affairs. The total-field anomaly (Fig. 6c) was 
interpolated by the minimum curvature method (Santos et al., 2016) 
with cell size of 125 m (1/4 of the spacing of the flight lines). The main 
magnetic features observed in the anomaly map are lineaments with 
different orientations (WSW-ENE, ESE-WNW, SSE-NNW, SSW-NNE). 
Most anomalies show normal polarity patterns, indicative of predomi-
nantly induced magnetization (Fig. 6c). The survey area shows multiple 
intersections of lineaments and interrupted features along specific lin-
eaments (Fig. 6c), making it well-suited to evaluate procedures looking 
for lineament enhancement and interpretation. 

In Figs. 7 and 8, the same transformed fields are illustrated, only with 
different colour scales. The ASA without regularization embodies 
spurious effects in the N–S flight lines and discontinuous "boudins" along 
linear features (Figs. 7a–8a). Crenulations associated with the N–S flight 
lines also appear in the TDR map without regularization (Figs. 7c–8c). 
The regularized ASA and TDR maps were evaluated with regularized x-, 
y-, and z-derivatives with αg = 104.5, computed by equation (8), 
considering αx, αy, and αz respectively equal to 104.6, 104.5 and 104.5 

(Fig. 9). In Figs. 7b–8b, the regularized ASA better tracks the continuity 
of the lineaments by attenuating the “boudinage” effect, enhancing the 
amplitude, and better defining their ends, meanwhile partially removes 
the N–S artifacts associated with the flight line direction. As shown in 
Fig. 7b, there are low amplitude anomalies (between 0 and 7 nT/km) 
distributed in several regions of the regularized ASA map, working as 

Fig. 7. Conventional and regularized maps: analytical signal amplitude a) without and b) with regularization; tilt derivative c) without and d) with regularization. 
Key features (black dashed line) discussed in the text, in terms of flight line distortion (I), “boudinage” effects (II), continuity and amplitude gain of the lineaments 
(III), and low amplitude anomalies (IV). In map d), W-E, ESE-WNW, and WSW-ENE lineaments (black dashed line). 
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magnetic source separators. The regularized TDR in Fig. 7d attenuates 
the crenulations associated with the flight line direction, mapping W-E, 
ESE-WNW, and WSW-ENE lineaments that are not observed in the 
regularized ASA (Fig. 7b), better defining the edges of the lineaments. As 
in Fig. 8d, the regularized TDR map highlights the lateral displacement 
of north-south lineaments and the continuity of some linear features in 
the intersections. The direction of the magnetic lineaments mapped by 
the ASA and TDR (Figs. 7 and 8) coincides with the Pirineus Syntax’s E- 
W and WNW-ESE structural lineaments, fault/shear zones, possible 
Neoproterozoic NW-SE granitic and mafic-ultramafic intrusions, and 
NW and NE-oriented strip-slip faults (Fig. 6b). This complex structural 
framework was generated during the continental collision of the 
Amazon, São Francisco, and Paranapanema cratons in the Brasiliano 
Cycle final stage. 

6. Conclusions 

The procedure to estimate the proper regularization parameter based 
on the graphical construction of a characteristic staircase function 
associated with the L2-norm of the regularized derivative shows effi-
ciency in improving the quality of processed aeromagnetic data. The 
analysis of the S-function for a given directional derivative informs how 
much amplitude loss is required to obtain reliable, no over-smoothed 
transformed fields. The half-slope condition shows effectiveness for 
the tested synthetic and real data sets. However, depending on the noise 
level in the data, a lower or higher regularization degree can be 

Fig. 8. Conventional and regularized maps: analytical signal amplitude a) without and b) with regularization; tilt derivative c) without and d) with regularization. 
Key features (yellow dashed line) discussed in the text, in terms of flight line distortion (I), “boudinage” effects (II), and continuity and amplitude gain of the 
lineaments (III). In map d), dislocated lineaments (yellow arrows) and continuous features (yellow dashed line). (For interpretation of the references to color in this 
figure legend, the reader is referred to the Web version of this article.) 

Fig. 9. S-function to μ-derivatives of the magnetic anomaly, where μ = (x,y,z). 
The test values of the regularization parameter range from 10− 6 to 1014 as a 
geometric progression with a ratio of 100.5. For each derivative, the optimal 
value of the regularization parameter is equal to αx = 104.6 and αy = αz =

104.5, located on the half slope of the S-function. 
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experimented to try a better tuning between noise amplification and 
amplitude loss. General aspects of the processed products in terms of the 
continuity of lineaments or in recovering known geological trends may 
justify the shift of the S-function from its half-slope condition. For the 
tested real data set, the regularized versions for ASA and TDR attenuate 
artifacts associated with "boudinage" and flight line distortions, 
enhancing the continuity of the linear features, the intersections of 
distinct magnetic trends, the expression of weakly magnetic structures, 
and in general, better recognizing the extension of intercepting magnetic 
lineaments. The magnetic features identified by ASA and TDR coincide 
with the Pirineus Syntax’s structural lineaments, fault/shear zones, and 
possible Neoproterozoic NW-SE granitic and mafic-ultramafic in-
trusions. This result indicates the Pirineus Zone of High Strain may have 
affected a larger area than previously studied by other authors. 
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